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Abstract 
We consider classes of cubic polyhedral graphs whose non-q-gonal faces are adjacent o q- 
gonal faces only. Structural properties of some classes of such graphs are described. For q 5 
we show that all the graphs in this class are cyclically 4-edge-connected. Some cyclically 4- 
edge-connected and cyclically 5-edge-connected non-Hamiltonian members from this class are 
presented. @ 1998 Elsevier Science B.V. All rights reserved 
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1. Introduction 
In this article a graph is undirected and has no loops or multiple edges and a multi- 
graph has no loops but may have multiple edges. Both the graph and the multigraph 
are cubic. Any two-plane embeddings of a 3-connected planar (i.e. polyhedral) graph 
G are isomorphic (as plane maps) so we may refer unambiguously to the faces of  G 
(see [17]). For q~>3, a face of  G is q-gonal if it is bounded by exactly q edges. In a 
polyhedral graph two faces are adjacent if they have a common edge. 
Let ~3(q) denote the class of 3-connected cubic polyhedral graphs whose non-q- 
gonal faces are adjacent only to q-gonal faces. It is easy to show by means of  Euler's 
relation that the only possible values of the integer q are 3,4,5 . . . . .  10. 
Some subclasses of  ~3(q) defined by imposing various special conditions were con- 
sidered in several former papers. Griinbaum and Motzkin [10], Griinbaum and Zaks 
[12], Jendrol and Ykfi6 [8], and Goodey [3] investigated the structural properties of 
such graphs, or their duals. It seems that the knowledge of the structure of graphs 
from P3(q) is useful for other reasons as well (cf. [2], see [1, p.162]). 
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For any graph G let v(G) denote the number of vertices and h(G) the length of a 
longest cycle. Thus G is non-Hamiltonian if and only if h(G) is smaller than v(G). 
The shortness coefficient p(G) of an infinite class ff of graphs [11] is defined by 
p(f¢) = lim inf h(G) 
GC~ v(G)" 
Owens [14] showed that the class ~3(q) contains infinitely many members and 
moreover it has shortness coefficient smaller than one for 8 ~<q ~< 10. The same was 
shown to hold for q = 7 by Tkfi6 [15]. Infinitely many Hamiltonian members of ~3(6) 
have been given by Goodey [3,4]. There are several papers (of., e.g. [6,7,13,15]) 
dealing with various infinite subclasses of ~3(5). 
In the present paper we investigate structural properties of the class ~3(q), for q ~< 5, 
and we start with a simple lemma which is easily seen to be true, the proof is omitted. 
Lemma 1. The class ~3(3) contains only the graph K4 and the class ~3(4) contains 
only the graphs of n-sided prisms n>~3 (see Fig. 7). 
The investigation of cases q = 3, 4 is now finished. 
2. Structural properties of graphs from ~3(5) 
We begin by defining certain ~3(5)-configurations (briefly configurations), being 
planar graphs which can occur as induced subgraphs in graphs of the class ~3(5). 
For m = 2, 3 let Vm be as shown in Figs. 2(a) and 4(a), respectively. Let D1 be as 
shown in Fig. 5(a). The graphs Vm and Dl are planar and 3-valent, apart from r pairs 
of adjacent 2-valent vertices xi, yi (i = 1 ..... r) where r = 3 for the graphs Vm and 
r = 2 for the graph D1. The 2-valent vertices and the edges xiYi which join them in 
pairs will be called half vertices and half edges since, when a configuration occurs in a 
graph of the class ~3(5), these 'half-elements' of the configuration are identified with 
half elements of other configurations. All interior faces (that is, all the faces except 
for the exterior face) of all configurations that we shall use will be pentagonal. The 
exterior face of a configuration is the face whose boundary contains all the half edges 
of the configuration. Every non-half edge of the exterior face of Vm or DI is a side of 
some non-pentagonal f ce. 
Let G E ~3(5) and let Ri(G) denote the set of those pentagons of G that are 
adjacent to exactly i non-pentagonal f ces. For i>~3,Ri(G), evidently, is empty for any 
G c ~3(5) since, otherwise, two non-pentagonal f ces would be adjacent in G. 
Now, let ~0 be the class of graphs that contains only the graph of the dodecahedron 
and let ~'1 denote the class of all graphs G from ~3(5) such that Ro(G) and Rz(G) 
are empty. 
Let ~2 be the class of all graphs G from ~'3(5)\~0 such that RI(G) is empty and 
let ~3 denote the class of graphs G from ~3(5)\~0 t_J ~l such that Ro(G) is empty. 
Let '~4 = ~3(5) \~0 (.I ~i~l. 
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If G E ~2, then Ro(G) is empty, since no face neighbouring a pentagon from R2(G) 
can belong to Ro(G). So, evidently, ~2 C ~3 C ~4. 
It is easy to prove the following proposition. 
Lemma 2. I f  Rl(G) and R2(G) are empty for a graph G E ~3(5), then G is a 
member of ~o (i.e., G is the graph of the dodecahedron). 
Lemma 3. / f  G E ~2, then all its non-pentagonal f ces are even-gonal and every 
pentagonal face of G is a face of some copy of the configuration V2 in G (see Fig. 
(2a)). 
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Fig. 3. 
Proof. Let G ¢ ~2. Let ~ be an n-gonal face (n ¢ 5) of G and let xl, x2 . . . . .  xn be the 
boundary vertices of ~ such that xixi+ 1 ( i  = l . . . . .  n -- 1) and XnXl are the boundary 
edges of c~. Let Yi be the neighbour of xi not belonging to ~. Since RI(G) = ~ it is 
easy to see that for i = 1,..., n -  1 exactly one of the vertices Yi, yi+l and exactly one 
of the vertices yn, yl is incident with three pentagonal faces. Hence, n is even. 
Every pentagon fl in G contains some vertex that is incident only with pentagons, 
so fl is a member of some copy of the configuration ~. 
For n ~> 3 let An denote the graph of the n-sided pentagonal prism (see Fig. 1 ). Note 
that As is the dodecahedron graph. [] 
Lemma 4. Let G E ~3(5) such that Ro(G) is empty. 1f for n ¢ 5 some n-9onal face 
in G is adjacent o some pair of adjacent faces from RI(G), then G is the 9raph of 
the n-sided pentagonal prism An, 
Proof. Let ~ be some n-gonal, non-pentagonal face of G. Let ill, r2 denote a pair of 
adjacent pentagonal faces from RI(G) that are adjacent o c~. All faces neighbouring at 
least one of fl~ and r2 (except for ~) are pentagons from Rl(G). Hence, the pentagon 
f13 that is adjacent o both fll and r2 must be from RI(G) (see Fig. 3). The face ? 
is non-pentagonal nd the face r0 adjacent o both ~ and fll belongs to RI(G). Ev- 
idently, since flo, fll is a pair of faces in RI(G), all pentagons of G are from RI(G) 
and they are adjacent o ~ or 7- So ? is an n-gon and G is an n-sided pentagonal 
prism. [] 
Corollary 1. The class ~1 consists of the 9raphs An for n >~ 3 and n ~ 5. 
Corollary 2. I f  G E ~3, then every pentagon from RI(G) is a face of some copy of 
the configuration V3 and every pentagon of G is a face of some (exactly one) copy 
of the configuration F2 or F33 (see Fig. 2(a) and Fig. 4(a)). 
Now, we consider a graph G ¢ ~4. It is easy to verify that if G contains a pentagon 
from Ro(G) that is adjacent o more than one other pentagon from Ro(G) then G is 
the graph of the dodecahedron. 
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Suppose that G contains a pentagon ~ from Ro(G) that is adjacent o no other 
pentagon from Ro(G). Then every face of G neighbouring e must be from RI(G), 
which is impossible, because ~ is not even-gon. And so every pentagon from Ro(G) 
is adjacent o exactly one other pentagon from Ro(G) in G. 
This implies the following lemma. 
Lemma 5. I f  G E ~4, then every pentagon from Ro(G) is a face of some copy of 
the configuration Dt (see Fig. 5(a)). 
Note that V2, V3 and Dt are well-known configurations which were studied in several 
papers (see [2, 13], or [16]), in connection with the investigation of non-Hamiltonian 
cubic polyhedral graphs. 
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Theorem 1. I f  G E ~4, then every pentagonal face of G is a face of some (exactly 
one) copy of the configuration V2, I133 or D1. 
Proof. Let G4 be a graph from ~4. By Lemma 5, if Ro(G4) ¢ 0 then G4 contains 
a copy of D1. Now, we remove every copy of DI from G4 by identifying the half- 
vertices xl and yl with the half vertices x2 and y2, respectively (see Fig. 5(a)). It is 
easy to see that the resulting graph (say G3) is from ~3. 
By Corollary 2, if RI(G3) ~ 0 then G3 contains a copy of V33. Let G2 be the graph 
obtained from G3 by replacing every copy of F3 by a copy of V2 in such a way that 
for i = 1,2, 3, the half-vertices xi and yi from the copy of F3 are replaced by the half- 
vertices xi and yi from the copy of F2, respectively. Evidently, G2 E ~2. The theorem 
follows. [] 
Let M2 be the class of all cubic planar 2-connected multigraphs. Let MI be the 
class of all cubic planar 2-connected multigraphs whose vertices are coloured in two 
colours, say black and white. Let 5~3 be the class of all coloured multigraphs from M~ 
containing no 2-gon that is incident with a black and a white vertex. 
Let G E 9~1 and let K(G) denote the multigraph obtained from G by using the 
following rule: replace every 2-gon that is incident with a black and a white vertex 
in G by a 2-valent black vertex (see Figs. 5(b) and (c)). It is easy to see that the 
resulting multigraph is planar and 2-connected. 
Let ~4 be the class of all multigraphs K(G) such that G c M1. 
Theorem 2. For r = 2,3,4, there is a natural (1,1)-correspondence b tween the 
classes ~r and ~r. 
ProoL Let G C ~4. By Theorem 1 every pentagonal face of G is a face of some copy 
of the configuration F2, V3 or D1. So every vertex of G is incident with exactly one, 
or with exactly two such configurations, respectively. Let B(G) denote the multigraph 
obtained from the graph G by using the following rule: replace every copy of V2 in 
G by a black trivalent vertex, every copy of I733 by a white trivalent vertex, and every 
copy of D1 by a 2-valent black vertex (see Figs. 2, 4, 5(a) and (c)). B(G) is called the 
basic multigraph of G. Any two vertices u, v in the basic multigraph B(G) are joined 
by i edges (i = 0, 1,2 or 3) if the two configurations corresponding to u and v in G 
have exactly i half-edges in common. 
For G E ~4 the basic multigraph H = B(G) evidently belongs to ~4 since G is 
planar and 3-cormected. So the whole replacement operation can also be performed in 
the opposite direction, thus permitting us to pass from H to G. 
We omit the proof of the theorem for r = 2 and 3, which is similar to that for r = 4. 
Note that it follows from Lemma 3 and Corollary 2. We can use the transformations 
of Figs. 2 and 4 to construct B(G). The theorem follows. [] 
Let us now consider the face set of the configuration D~. Note that it contains two 
adjacent pentagons c~ and fl from R0(Dl ). It is easy to see that Dl except for c~ (or 
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D1 except for /~) consists of one copy of the configuration ~ and one copy of the 
configuration V3 (see Fig. 5(a)). So the pentagon 7 (or ]3) plays the same role in 
Di as a non-pentagonal face. Since some non-half-edges of the exterior faces of the 
copies of V2 and V3 are the sides of the pentagonal face 7 (or/~). By using the reverse 
transformations of Fig. 5(a) and Fig. 5(b) it is easy to verify the following corollary. 
Corollary 3. For every multigraph B E ~1, there & a graph G E ~4, that B(G) = B. 
A graph G is called cyclically r-edge-connected if at least r edges must be deleted 
to disconnect G into two components, each of which contains a cycle. Let W(r) denote 
the class of all cyclically r-edge-connected planar graphs. 
Theorem 3. ,~3(5)c~(4) ,  moreover a graph G from ~3(5) is cyclically 5-edge- 
connected if and only if G is from ~00~@1, or G is from ~3 and B(G) is 3-connected. 
ProoL First, we note that the graphs from ~00 ~l  are, evidently, cyclically 5-edge- 
connected. Let G E ~'4. Suppose that G is not cyclically 4-edge-connected. Since G 
is 3-connected and cubic, it has an induced subgraph X containing a cycle and joined 
by exactly three edges to G-  X, which also contains a cycle. Let c~i(i = 1,2, 3) be 
the pairwise adjacent faces incident with vertices of both X and G - X. At most one 
of them is non-pentagonal (say c~3) and so ~l and ~2 are pentagons. It is easy to see 
that they are not in the same copy or in two adjacent copies any of the configurations 
1/22, V3, or D1. This contradicts Theorem 1. 
Now, we suppose that G is from ~3 and that B(G) is 3-connected. Then B(G) 
contains no 2-gons and no 2-valent vertices, thus G contains no copy of DI. By Lemma 
5 Ro(G) = O. G contains no triangles or quadrangles and every pentagon of G is a face 
of some copy of V2 or V3. Suppose that G is not cyclically 5-edge-connected. Since G 
is cyclically 4-edge-connected (~3 C ~'4) it has an induced subgraph Y containing a 
cycle and four pairwise adjacent faces (say O~i(i ~- 1,2,3,4)) incident with vertices of 
both Y and G - Y. The case when at most one of them is non-pentagonal, similarly as 
before, contradicts Theorem 1. Thus, exactly two of them are non-pentagonal (say 71 
and c~3). But then there are two different disjoint (half) edges that join cq to ~3 in G 
and so B(G) contains two edges that form an edge cut, which is impossible because 
of the 3-connectedness of B(G). 
In the opposite direction the proof of theorem follows immediately. ½ 
3. Non-Hamiltonian graphs in ~3(5) 
Owens [13] and Tkfi6 [16] constructed infinite classes of cyclically 4-edge-connected 
non-Hamiltonian graphs from ~3. From these constructions moreover it follows that 
the shortness coefficient of ~4 is smaller than one. From Theorem 3 and from [9] it 
follows that P(~3) ~> 3. 
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Fig. 6. 
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The famous Grinberg's graph (see Fig. 6) is a cyclically 5-edge-connected non- 
Hamiltonian member of ~3. It is easy to construct an infinite number of such graphs. 
In fact, for n -- 2 + 6k;(k -- 0,1 .... ) let B(Gn) be the graph of the n-sided prism 
that contains (n/2) black vertices, as shown in Fig. 7 (the faces ~ and /~ are n- 
gons). By using Theorem 3 and Grinberg's formula (see [1, p.162]), it is easy to 
verify, that the corresponding graph Gn (that is constructed from B(G,)  by applying 
the reverse operations of the proof of Theorem 2) is cyclically 5-edge-connected and 
non-Hamiltonian. 
For q >~ 3 let $3(5, q) be the class of all graphs from ~3(5) that contain only pentag- 
onal and q-gonal faces. In [13] Owens showed that there are a non-Hamiltonian graphs 
in the classes $3(5,q) for 24~<q~<26 or q>~28 and he also asked whether there are 
some non-Hamiltonian members in $3(5,q) for the remaining values of q. In [16] it 
was shown that the class $3(5,27) contains non-Hamiltonian members and Jendrol and 
Moh6k [7] proved that all graphs of the class $3(5, 12) are Hamiltonian. 
Our next lemma partially supplements hese results 
Lemma 6. The class $3(5,15) contains a non-Hamiltonian member. 
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Fig. 8. 
Proof. Let B(G) be the basic multigraph as shown in Fig. 8. Using the proof of 
Theorem 2 and Corollary 3, it is easy to see that the corresponding graph G is in 
$3(5,15). G contains three copies of D1, one copy of V2 and one copy of V3. 
Suppose that G is Hamiltonian. Let C be a Hamiltonian cycle in G. It corresponds, 
in an obvious way, to a closed walk W in the multigraph B(G), where W does not 
use any edges more than twice. At most two of the three edges of B(G) incident at a 
common vertex can be traversed exactly once in W, so at most two of the corresponding 
copies of Di in G have both half edges in C. The copy of ~ in G has at least two 
half edges (common with copies of D1) in C (see [16, Lemma 3]). By using [16] 
Lemma 2 exactly two of the corresponding copies of D1 in G have both half edges in 
C. But [16] Lemmata 1 and 3 imply, that all remaining possibilities for an existence 
of a Hamiltonian cycle in G lead to a contradiction. We omit tedious details of the 
extensive proof, which are similar to those of the proof of theorem in [16]. E2 
In concluding we formulate the following two problems. 
Problem 1. Determine whether p(~3(5)N (g(5)) is smaller than one. 
Problem 2. Determine whether 2 2 or  ~@3(6) contains non-Hamiltonian members. 
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